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ABSTRACT: Transient radiative and conductive heat
transfer in a translucent medium with isotropic optical prop-
erties is investigated. The radiative two-flux equation is
coupled with the transient energy equation and both equa-
tions are solved simultaneously. Transient solutions are ob-
tained for a plane layer with refractive index equal to or
larger than one, and with external convection and radiation
at each boundary. Illustrative results obtained with the two-
flux method show the effects of changing parameters such as

optical thicknesses, refractive index, conduction–radiation
parameter, and scattering on the transient temperature dis-
tribution within the layer. Results are given at different
instances during the transient, and the distribution for the
largest time is at or very close to steady state. © 2006 Wiley
Periodicals, Inc. J Appl Polym Sci 101: 2277–2283, 2006
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INTRODUCTION

When a solid or stationary fluid is translucent, energy
can be transferred internally by radiation in addition
to heat conduction. Since radiant propagation is very
rapid, it can provide energy within the material more
quickly than diffusion by heat conduction. Radiation
emitted in a hot material can also be distributed rap-
idly in the interior. The result is that transient temper-
ature responses including radiation can be signifi-
cantly different from those by conduction alone. This
is important for evaluating the thermal performance
of translucent materials that are at high elevated tem-
peratures, are in high temperature surroundings, or
are subjected to large incident radiation. Convective
heating or cooling can also be applied at the bound-
aries. Radiant effects are accentuated as temperatures
rise; it can be the temperature of material, the temper-
ature of the surroundings, or both. Examples are heat-
ing a window by radiation emitted at high tempera-
ture from the sun, cooling a white hot ceramic by
radiation loss to lower temperature surroundings,1,2

heating an insulating shield during atmospheric reen-
try,3,4 and heating translucent plastic with infrared
lamps to soften it for manufacturing processes.

Interests in polymer fibers derived from synthetic
organic polymers has grown substantially over the
past 25 years. Underlying this growth is the remark-

able range of mechanical properties exhibited by poly-
mer fibers. Their properties may include high-temper-
ature strength, high stiffness, low moisture absorp-
tion, no creep, or light weight. They are widely used in
the chemical, metallurgical, food, and construction
material industries as well as in the other branches of
industry for the filtration of gaseous, aggressive liq-
uid, and high-temperature substances. Their applica-
tion in the electrical and electronic industries,5–10 is
especially important, because it has enabled a real
increase in the reliability of electrical machines and the
development of materials for IC’s and microelectron-
ics.

Radiation effects are studied less for transients than
for steady state, because of the additional and compu-
tational complexities. Recently, they have attracted
much more attention, and several excellent reviews on
radiation and combined radiation and conduction en-
ergy transfer in dispersed media are available.10–23

This article presents an investigation of transient
radiative and conductive heat transfer in a plane layer
of polymer fiber, held at high temperature, and sub-
jected to various radiative and thermal boundary con-
ditions. It is accepted that the calculations of combined
radiation and conduction heat transfer in rarefied di-
apered media may be carried out on the basis of using
the radiation transfer equation in common with the
energy conservation equation. For some types of ther-
mal boundary conditions, the strict form of the radia-
tion transfer equation is not used, and for simplifica-
tion of calculation approximations are used. The most
often used methods are approximate analytical meth-
ods. In this case, such as those developed from radia-
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tive diffusion concepts, they do not yield accurate
transient solutions as they cannot deal with the
boundary conditions, and the differential approxima-
tion methods are accurate only for large optical thick-
nesses and fail at positions near the boundaries.

The solution of the exact radiative transfer equation
is rather complicated, particularly, when the scatter-
ing is present: hence the best approach is the two-flux
method. The two-flux method is used as a simplifica-
tion for obtaining the radiative heat source term in the
energy equation. For the general boundary conditions
of external convection and radiation and for a layer
with diffuse surfaces having unspecified tempera-
tures, it has been demonstrated that the two-flux
method predicts accurate transient and steady state
temperatures and heat fluxes. The two-flux equations
were examined as a mean for evaluating the radiative
flux gradient in the transient energy equation. An
advantage of the two-flux method is that isotropic
scattering is included without any additional compli-
cation. The effect of variation of influence parameters,
optical thicknesses, conduction–radiation parameter,
and refractive index on the temperature distribution is
considered carefully.

ANALYSIS

Energy and two-flux equations

A plane layer of polymer fiber, with thickness D (Fig.
1) is a heat conducting, gray emitting, absorbing, and
isotropically scattering medium with n � 1, and its
boundaries are assumed to diffuse. The layer is ini-
tially at uniform temperature Ti and is placed in sur-
roundings so that each boundary receives radiative
energy and is subject to convection. Transient temper-
ature distributions are to be obtained in the layer until
steady state is reached corresponding to the external
radiation and convection conditions.

The transient energy equation in dimensionless
form is as follows24:

�t
�t* � N

�2t
�X2 �

1
4

�q� r

�X (1)

Properties are assumed independent of tempera-
ture. The gradient of the radiative flux �q̃r �X, t*�/�X is
obtained from the two-flux relation using the Milne-
Eddington approximation25–27

�q̃r�X,t*�

�X � �D �1 � ���4n2t4�X,t*� � G̃�X,t*�� (2)

where G̃�X,t*� is related to q̃,�X,t*� by the equation

�G̃�X,t*�

�X � � 3�Dq̃r �X, t*� (3)

The q̃r and G̃ are related to the positive and negative
radiative fluxes shown in Figure 1 by q̃r �X, t*�
� q̃r

��X,t*� � q̃r �X, t*� and G̃�X, t*� � 2�q̃r
� �X, t*�

� q̃r �X, t*��

BOUNDARY AND INITIAL CONDITIONS

The convective boundary conditions on the sides of
the layer are as follows:

�t
�X�x�0 � �

H1

4N �tg1 � t�0, t*�� (4a)

�t
�X�x�1 � �

H2

4N �t�1, t*� � tg2� (4b)

The radiative boundary conditions must now be
specified including the effects of internal and external
reflections at the surfaces. By considering the incident
and reflected fluxes at an interface the following
boundary relations between G̃ and q̃r were developed
at each boundary26

G̃�0,t*� � 4
1 � �0

1 � �i q̃r1 � 2
1 � �i

1 � �i q̃r�0,t*� (5a)

G̃�1,t*� � 4
1 � �0

1 � �i q̃r2 � 2
1 � �i

1 � �i q̃r�1,t*� (5b)

To begin the transient solution of eq. (1), the speci-
fied initial condition, is a uniform temperature
T�x,0� � T1 so t�X,0� � 1. Initial distributions are also
needed for q̃r �X,0� and G̃�X,0�. By differentiation, eqs.
(2) and (3) can be combined to eliminate either q̃r �X,t*�
or G̃�X,t*� to give a second order equation for either of

Figure 1 Geometry for transient radiation and conduction
in a semitransparent layer of polymer fiber with isotropic
scattering.
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these quantities. With t � 1 initially, these equations
are solved analytically to give

G̃�X,0� � C1 e�BX � C2 e�BX � 4n2 (6a)

q̃r �X,0� � �
�B
3�D

�C1 e�BX � C2 e�BX� (6b)

where B � 3�D
2 �1 � ��. C1 and C2 are integration

constants that are obtained by applying the boundary
conditions (5a) and (5b) to eq. (6a). The following
quantities are defined:

� � 1 � 2
1 � �i

1 � �i

�B
3�D

(7a)

	 � 1 � 2
1 � �i

1 � �i

�B
3�D

(7b)


 � 	 e�B (7c)

� � � e�B (7d)

S1 � � 4n2 � 4
1 � �o

1 � �i q̃r1 (7e)

S2 � � 4n2 � 4
1 � �0

1 � �i q̃r2 (7f)

Then, the integration constants are as follows:

C1 �
� 	S2 � �S1

� 	� � ��
(8a)

C2 �
�S2 � �S1

� 	� � ��
(8b)

NUMERICAL SOLUTION

Starting with the initial t(X,0) and q̃r �X,0� relations, eq.
(1) was integrated forward in time using the following
explicit finite-difference algorithm at the interior grid
points:

t�X,t* � �t*� � t�X,t*� �
N�t*
��X�2 �t�X � �X,t*�

� 2t�X,t*� � t�X � �X,t*�� �
�t*
4

�q̃r

�X�s* (9)

The t�t* � �t*� at the boundaries were then evalu-
ated using eqs. (4a) and (4b), with a three-point dif-
ference approximation for the temperature derivative

t�0,t* � �t*�

�

H1�X
2N tg1 � 4t��X,t* � �t*� � t�2�X,t* � �t*�

3 �
H1�X

2N

(10a)

t�1,t* � �t*� �

H2�X
2N � tg2 � 4t�t � �X,t* � �t*�

� t�1 � 2�X,t* � �t*�

3 �
H2�X

2N

(10b)

After advancing t(X), each time increment the radi-
ant flux gradient in the last term in eq. (9) must be
advanced to t* � �t*. This was done by solving eqs.
(2) and (3) simultaneously for G̃�X,t* � �t� and
q̃r�X,t* � �t*� using t�X,t* � �t*� on the right hand
side of eq. (2). Then, �q̃,�X,t* � �t*�/�X was evalu-
ated from eq. (2). The simultaneous solution of eqs. (2)
and (3) was obtained using a fourth-order Runge-
Kutta method with a shooting procedure to satisfy the
boundary conditions at X � 0 and 1. To begin the
solution, the value of q̃,�X � 0� from the previous
time step was used as an estimate, and the boundary
condition eq. (5a) was solved for G̃�X � 0�. The
solution was then obtained by Runge-Kutta integra-
tion from X � 0 to X � 1. The values of q̃r and G̃
obtained at X � 1 were checked to see if they satisfy
the boundary condition in eq. (5b). Iteration was per-
formed on q̃r�X � 0� until eq. (5b) was satisfied; the
type of iterative method used is described in Ref. 26.
The shooting method used here is convenient for ab-
sorption optical thicknesses, aD � 8. This two-point
boundary value solution method becomes difficult
when there is a large aD that causes the condition at
the two boundaries to become less directly related. It
is possible that other numerical techniques could par-
tially eliminate this difficulty; a method using a
Green’s function is presently being developed. Using
the t�X� and G̃�X�, the radiant flux gradient was eval-
uated from eq. (2). The temperature distribution was
then advanced to the next time increment using eqs.
(9) and (10).

After checking various grid sizes, it was found that
41 evenly spaced points across the layer gave accurate
solutions. Corresponding to this grid size (�X � 0.025)
and for N � 0.1 as used for the results given here. The
�t* for a stable explicit calculation was estimated from
the criterion for solving the transient heat conduction
equation. The value �t* provided stable solutions for
all of the results calculated here.
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RESULTS AND DISCUSSION

The transient temperature distributions given here
start from a uniform initial temperature T�X,0� � Ti

so the t�X,0� � 1. For the results in Figure 2, the
external radiation and convection conditions are sym-
metric on both sides of the layer so that the transient
temperatures are symmetric and the distributions are
given for one half of the layer. Results are given at five
instances during the transient; the distribution for the
largest time is at or very close to steady state. Figure 2
gives transient temperatures for a layer suddenly sub-
jected on both sides to a higher temperature radiative
environment so that qr1 � �Tr1

4 � qr2 � �Tr2
4 and to

convective cooling. This could correspond to process-
ing translucent plastics at elevated temperatures or by
infrared heating. Figure 2(a,b) is for optical thick-
nesses �D � 0.5 and �D � 10. For �D � 0.5, the layer is
somewhat optically thin and radiation can penetrate
the entire layer, but there is significant absorption; this
yields close to the maximum radiation effect through-
out the layer. For �D � 10, the layer is somewhat
optically thick and most absorption is near the bound-
aries. During the transient, the layer is heated on each
side by black surroundings at a temperature 1.5 times
the initial temperature �q̃r1 � q̃r2 � 1.54�. Simulta-
neously, the layer is cooled by gas on each side at
Tg1 � Tg2 � 0.5Ti. The H1 � H2 � 1 parameters are
such that convection is somewhat comparable with
radiation. There is moderate conduction as given by
the parameter N � 0.1.

In Figure 2(a), where the layer is rather optically
thin, external radiation passes into the interior to pro-
vide a fairly uniform internal heat source, some of
which is removed by reradiation. Energy is removed
near the wall by convection interacting with conduc-
tion. The result is that for small t* the interior temper-

ature remains fairly uniform. As t* advances, the con-
vection–conduction cooling penetrates the layer fur-
ther and at the steady condition the profile has become
somewhat parabolic as is typical for a layer with a
uniform internal heat source. When the refractive in-
dex is increased from one to two, the temperature
profiles are more uniform. This is a result of increased
radiative energy transfer across the layer arising from
internal reflections. It is noted that for small t* the
layer heats more rapidly when n � 2. This is caused by
increased layer absorptivity for small �D.

The optical thickness is increased to �D � 10 in Figure
2(b). It is more difficult for radiation to pass into the layer
interior. Absorption of incident radiation occurs in re-
gions closer to the surface and the temperature increases
strongly in the regions near the boundaries, for small t*.
Energy is transported into the interior by conduction and
internal radiation, and the interior temperature distribu-
tion becomes uniform as steady state is approached.
There is a very significant effect of refractive index; the
profiles for n � 2 are much more uniform.

The results in Figure 3 demonstrate the effect on
cooling a polymer layer of putting coatings on its
boundaries so they are opaque and do not allow ra-
diant transmission. It shows how coatings can be used
to regulate heat transfer processes manufacturing with
plastics. Equal convective cooling was provided at
both surfaces. The solid lines are predicted tempera-
tures when both internal radiation and conduction are
included. These results are compared with the dot-
dashed lines for internal heat conduction only.

The conduction–radiation parameter is on an attempt
to characterize the radiative importance of conduction
and radiation. In Figure 2(a), the N � 0.05 is small
enough that there is a significant effect of internal radi-
ation that makes the temperatures more uniform during

Figure 2 Effect of refractive index on transient temperature distribution in a layer initially at uniform temperature, after
exposure to external radiation and convective cooling. Parameters: N � 0.1, q̃r1 � q̃r2 � 1.54,H1 � H2 � 1,tg1 � tg2

� 0.5, n � 1 and 2. (a) Optical thickness �D � 0.5; (b) optical thickness �D � 10.
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transient cooling. The layer also cools more rapidly with
combined radiation and conduction. In Figure 3(b), the
conduction–radiation parameter is decreased to N
� 0.005; therefore, there is less effect of conduction and
the layer cools somewhat more slowly. Internal radiation
makes the temperatures much more uniform than for
conduction alone. More over radiative heating at a dis-
tance erases frontier gradients due to conduction and as
a result very uniform temperature profiles are set up at
long reduced times for the long times.

For Figure 4, the condition at the boundaries have
been changed. The layer is heated on the hot side by a
radiative flux equal to that from black surroundings at
Tg1 � 1.5Ti.

There is no convective cooling on the hot side, H1 � 0.
Cooling occurs on the cold side (X � 1) by convection
with H2 � 1 and Tg2 � 0.5Ti and by radiation to black
surroundings at Tg2 � 0.5Ti. The two parts of Figure 4
are for optical thicknesses 2 and 10. For Figure 4(a), the
optical thickness, �D � 2, is such that maximum internal
radiative are expected. At the hot side boundary, the lack
of convective cooling provides a zero temperature gra-
dient since radiation leaves from within the volume and
not from the surface itself.

In Figure 4(b), the �D increased to 10 and there is more
absorption of incident radiation near the boundary.
Early in the transient there is a strong temperature rise
near the hot boundary, while the temperatures decrease

Figure 3 Transient temperature distributions for cooling a polymer layer, showing comparison of combined radiation–
conduction with that for conduction only, Tg1 � Tg2 � 1500 K� , h1D/k � h2D/k � 0.1, (a) conduction–radiation parameter,
N � K/4Dn2�Ti

3 � 0.05 and (b) conduction–radiation parameter, N � K/4Dn2�Ti
3 � 0.005.

Figure 4 Effect of refractive index on transient temperature distributions in a polymer layer, initially at uniform temperature
after exposure to external radiation on one side without convective cooling on that side; cooling is b radiation and convection
at the other side. Parameters: N � 0.1, q̃r1 � 1.54, tg2 � 0.5,H1 � 0,H2 � 1, tg2 � 0.5, n � 1 and 2. (a) Optical thickness
�D � 2; (b) optical thickness �D � 10.
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substantially at the boundary that is convectively cooled.
Each part of the figure shows results for n � 1 and 2.
Increasing n is not as effective in equalizing temperature
as in Figure 4(a) because radiative transfer across the
layer, as augmented by internal reflections is reduced by
the increased �D. When t* � 1.5 the temperature are
within 7% of the steady state.

The effect of scattering is illustrated in Figure 5 for
n � 1 and 2. The optical thickness is constant, �D � 5,
and so an increase in scattering corresponds to a de-
crease in absorption.

The result is that the transient temperatures are
decreased with increasing �. For n � 2 in Figure
5(b), the temperatures are somewhat more uniform
than for n � 1 in Figure 5(a). [Note that the ordinate
scales are different in Figs. 5(a) and 5(b)]. Compared
with Figure 5(a), increasing � in Figure 5(b) does
not have as large as effect in reducing the temper-
atures. For n � 2, the layer has internal reflections
that make scattering more effective in augmenting
absorption. For � � 0.99, this makes the tempera-
tures larger for n � 2 than for n � 1.

CONCLUSIONS

The two-flux method was used to obtain transient
solutions for a plane layer of polymer, including
internal reflection and scattering. Results for n � 1
and 2 show that the effect of the layer refractive
index with boundary reflections assumed to diffuse.
The layer was initially at uniform temperature, and
different boundary conditions are examined.

First, it is placed in a hot radiative environment
while being cooled by convection at both bound-

aries. The transient temperature distributions can
have rapidly varying shapes when the optical thick-
ness is large, and so the absorption of incident en-
ergy is concentrated near the boundaries. An impor-
tant effect of refractive index is that internal reflec-
tions promote the distribution of radiative energy
within the layer; this makes the transient tempera-
ture distribution more uniform. When the boundary
conditions are changed and the layer is heated by
radiation on one side and is cooled by convection
and radiation on the other, the result shows that, if
the optical thickness is less than about 10, internal
reflections provided by refractive index of two have
a substantial effect in equalizing the temperature
distributions. Illustrative results obtained with this
method demonstrate the effect of isotropic scatter-
ing coupled with changing the refractive index.

NOMENCLATURE

a Absorption coefficient in layer (m	1)
B The quantity, 3�n

2�1 � ��
c Specific heat of radiating medium (J kg	1

K	1)
D Thickness of semitransparent layer (m)
G The flux quantity 2�qr

	 � qr
	� (W m	2): G�

� G�T1

h1, h2 Convective heat transfer coefficients at x � 0
and D (W m	2 K	1)

H1, H2 Dimensionless parameters, h1/�Ti
3 and

h2/�Ti
3

k Thermal conductivity of layer (W m	1 K	1)
n Refractive index of layer

Figure 5 Effect of scattering on temperature distributions in a polymer layer initially at uniform temperature after exposure
to radiation on one side and convective cooling on the other side. Parameters: �D � 5,N � 0.1,q̃r1 � 1.54,q̃r2 � 0.54,H1

� 0,H2 � 1, tg2 � 0.5. (a) Refractive index, n � 1; (b) refractive index, n � 2.
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N Conduction–radiation parameter, k/4�Ti
3D

qr Radiative flux in the x-direction (W m	2): q̃r

� qr/�Ti
4

qr1,qr2 External radiation fluxes incident at x � 0
and D (W m	2)

q̃r1,q̃r2 Dimensionless radiation fluxes qr1/�Ti
4,qr2/Ti

4

T Absolute temperature (K); t � T/Ti

Tg1,Tg2 Gas temperatures for convection at x � 0 and
D (K)

tg1,tg2 Dimensionless gas temperatures, Tg1/Ti,Tg2/Ti

Ti Initial uniform temperature of layer (used as
a reference Ti (K)

x Coordinate in direction across layer (m); X
� x/D

Greek symbols

� Time (s)
�D Optical thickness of layer, �a � �s�D

� Density of semitransparent medium (kg m	3)
�i,�0 Internal and external reflectivities at a boundary

� Stefan-Boltzman constant (W m	2 K	4)
�s Scattering coefficient in layer (m	1)
t* Dimensionless time, �4�Ti

3/�cD��
� Scattering albedo, �s/�a � �s�
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